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INTRODUCTION

A generalization of the uniform distance
p(f8) = sup () — g(x)l

between two bounded and continuous functions defined on the set £ of the
real axis is the Hausdorff distance r(f, g; «) with a parameter o > 0, which is
defined as follows [1]:

Let

| /() — g()la = max{inf max[(1/of x — 7|, [ f(x) — g@)],
inf max[(1/a)| x — £, f(t) — 2]
then
r(f, 8 0) = sup [f(*) — g -

The distance r(f, g; o) can be considered as a generalization of o(f, g)
since

plf &) = r(f, g;0) = limr(f, g; »).

It is easy to obtain the following relation between r(f, g; «) and p(f, g) for
every o > 0:

r(f, g o) < p(f, 8) < r(f, & @) + wl(or(f; g; o), 0y

where w(8) is the modulus of continuity of f(x) or of g(x).
Let 2 = R, be the real axis and T, the set of trigonometrical polynomials
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of degree <(n. The best approximation E,7(f; «) of the function f(x) relative
to the Hausdorff distance with elements of T, is defined by

E(f; ) = jnf r(f, P; )
in analogy to the best uniform approximation
oo
E(f) = jnf plf; P)

it follows immediately from (1) that if w(f; &) is the modulus of the con-
tinuous function f(x), then for every « = 0 the inequalities (2) hold:

EJ(f; ) < EJ(f) < E(f; ) + olf; «EJ(f; o). @

The following estimate [1] is known for the best approximation with
trigonometrical polynomials relative to Hausdorff distance with a fixed o > 0:

EJ(f; ) = O(n nfn). €)

The same estimate holds also for approximation with algebraic poly-
nomials and with entire functions of exponential type [2, 3].
The classic result of Jackson for the best uniform approximation is [4]:

EJ(f) = Olw(f; n™). @

The estimate (3) cantnot be considered as a generalization of (4), because
we can not obtain (4) directly from (3).

This communication aims at the perfection of the estimate (3) in such a
way, that (3) will imply (4).

It turns out that an estimate of the kind

E,1(f; o) = O(n(anw(f; n~1))/an) )

can be found (naturally, if anw(f;n?) = e).

For fixed « the estimate (5) in the set of all continuous bounded functions
is of the same order O(In n/n) with respect to n as (3), but immediately from
(5) we obtain (4). Actually, since « is an arbitrary positive number, we can
take o = efnw(f; n~1). Then from (2) and (5) follows

E,T(f) = O(w(f; n7Y)fe) + Olo(f; n7) = O(w(f; n7Y).

The following exposition is devoted to the estimates of the type (5).
Section 1 contains some auxiliary assertions.
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In Section 2 we obtain an estimate of the type (5) for the best approximation
E[(f; ) relative to Hausdorff distance with parameter o« of a bounded and
continuous function on the real axis by means of entire functions of expo-
nential type.

InSection 3 we treat the similar case about the approximation of 2z-periodic
continuous functions by means of trigonometrical polynomials.

1. In studying the Hausdorff distance between functions the most
suitable modulus turned out to be that of the nonmonotonicity [1]:

p(f;8) =% sup [ f(x) = f + 1 f(x") — f®) — [ f(x") — FGNI]-

,

o' <e<ka
" —2'<8

Immediately it is ascertained that u(f; 8) <C w(f; 8). The following assertion
is valid.

LemMA 1. If the function f(x) is monotonic in every interval with length
<8, , then p(f; 8) = 0.

The proof of the lemma follows immediately from the definition of u(f; 8).

Besides the definition given at the beginning, the Hausdorff distance with
parameter « can be defined also in the following way.

Let

H(f, g o) = sup inf max{(1/a)] x — 1, | fx) — g}
then

r(/. g o) = max{h(f, g; &), k(g f; o)} (6)

The two definitions are obviously equivalent. We shall call the number
h(f, g; «) the one-way distance between f(x) and g(x), and A( g, f; «) the
one-way distance between g(x) and f(x).

The Hausdorff distance with parameter « between two functions f(x) and
g(x) can be expressed by the one-way distance between f(x) and g(x) and the
modulus of nonmonotonicity of f(x).

Lemma 2. If f(x) and g(x) are continuous functions, then
r(f 85 0) < h(g, f; o) + p(f; 4ah(g, [ o))
Proof. Let us denote

d=ng fio), 0 =238+ uf;dah(g, [ o).
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According to (6), it is enough to show that
h(f, 8500 <0,
i.e., for every point (x, f(x)) there exists ¢ such that
max[(1/e)| x — ¢, [ f(x) — g(@®)]] < 0.

Let us assume the contrary, that there exists x, , such that no point of the
graph of g(x) lies in the rectangle

X€[xg— af + €), xg + (b + )] = 4,
yeE[f(xe) — 8 — e, f(x)) -8+ €], €>0.
Then for every x € 4, there will be fulfilled either the inequality
gx) > flxg) + 0+ ¢
or the inequality
g(x) <flx) — 0 — e ™

Let us suppose more specifically, that for each x € 4, the inequality (7)
holds and therefore

g(xg — ad) < f(x) — 0 — ¢,
g(xo + ad) < flxg) — 0 — e

But then by the definition of h( g, f; @) it follows that there exist x' and x”
for which

[ X — ad — x" | < ab, | Xg 4+ ad + x"| < ad
(.e.,
X < Xy < X", x" — x' < 4ad)
and
F&x) < fx) — 0 — €+ 8 = f(x) — p(f; 4a0) — ¢,
Jx") < f(x) — 0 — e+ 8 = f(x) — u(f; 4ad) — e.
Then

u(f; 4ad) = (/D0 f (&) — fxo)| + 1/") — fxo)l — [ f(x) — F ()]
= min[f (xo) — f(x'), f(x0) — f(x")] = p(f; 4ad) + ¢,

which contradicts the inequality € > 0. Thus the lemma is proved.
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LemMA 3. Let f(x) be a continuous bounded (2nw-periodic) function on the
real axis and let 8 > 0. Then there exists a continuous bounded (2m-periodic)
Sunction on the real axis g(x), for which

r(f, g o) <48fa,  pu(g;8) =0,
w(g; ) < 10(f;0) for 8 < 23.
Proof. Letusdenote x, = kd;k = 0, &1, +2,...,
my = min fx), M= max f@x).

Let us consider the continuous function g(x), defined as follows:

My for Xgpp X K Xgpoy »
gx) = { My for xu < x < Xgpya s
linear for gy < x < xyp -

According to Lemma 1 p( g; 8) = 0, and by the definition of r(f, g; o) it
follows that r(f, g; o) << 43/a. On the other hand, if we denote

M = max max[May, — My » My, — Mapal,
then obviously w(f; 88) > M. Thus for 8 < 28 we shall have
o(f; 88) < (1 + 83/6) w(f; 0) < (108/6) w(f; 6)

or
w(f;, 8) = 6M/108. @®)

By the definition of g(x) it follows immediately that for 6 < 28 we have
w(g; ) < M/, )]
From (8) and (9) follows
w(g; ) < 10w(f; 6) for 6 <29

The 2#-periodic case is considered in a similar way.

2. Let us consider first the approximation of bounded continuous
functions on the real axis by means of entire functions of exponential type
relative to the Hausdorff distance r(f, g; «) with parameter « > 0.

Let f(x) be a continuous bounded function on the real axis, and let 4,
denote the class of all entire functions of the exponential type v [5, 6]. The
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best approximation of f(x) by elements of 4, relative to the Hausdorff distance
with parameter « is defined through

E(f; ) = inf r(f, g; o).

We shall find an estimate for E,(f; «) in terms of «, v and the modulus of
continuity w(f; 8) = sup|,—yi<s | F(x) — f( )| of the function f(x).
Let us consider the entire function of exponential type v:

&%) = (sin mx/mx)’,

where
mr < v, r=2s, s > 1, s — integral.

Let p, be a norming factor defined by the condition

w | glx)dx=1 (10)
Then
A= fOgx—1d
is an entire function of exponential type v[5].
Let us find an estimate for the Hausdorff distance r(f,f, ;o) with a
parameter « by means of wy(f; 8),

wy(f; 8) = sup sup. [f(x =+ B) — 2f(x) + f(x — h)|

and the modulus of nonmonotonicity u(f; 8) of f(x).
At first we shall estimate the one-way distance between f,(x) and f(x).
We have

) = £ = i [ [fCr — 1) = f@] gl

= CLf G 4 1) = 2F(0) + fx — D] g(2) .
If u € [—3, 8], then
20 min | (£(1) — FEI] < f(x + 1) — 2 (@) + fGx + )

x—t| <8
< 2[ max, (f(t) — f()]
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and therefore from (10) follows
i, (0 = f6) < g [ Ul 40 = YW+ fx — D) g0) o
< max (f() — f(x)-

Then through the continuity of f(x) we infer that there exists a point y,,
| x — yo | < 8, such that

F =10 = [ UG+ = Y@ + 166 = D] g O e, (12

From (11) and (12) we obtain
h(f,» f; @) < sup max{a™ | x — yo |, | f(y2) — (D)} < max{a3, ¢,(9)}, |
(13

where

#8) = sup |, [ £G4 1) = 2060 + fr — D] o) e |

Therefore we have to estimate ¢,(8). Let us note, that

wg(f; 51) < (1 4 A wy(f; 5)
and consequently

wo(f; 1) < (I + ki) wy(f; 1/k). (14)

From (10) we obtain for p,

_ © ) 7 [2m . 2 2 -1
it = f_w (sin mx/mx)" dx = 2 fo (sin mx/mx)" dx > (77')

Therefore,
o < (mf2)(ar[2)71. (15)

From (14) and (15) we obtain
| RO < [ nlfs 0 g0 d

< pooaf k) mor ja (ke + 12 -7 dt

< %(—2?;{)—1 ook [ ~k32) 55T ~22]; PR : ) 571

1 a1 (kS 4+ 1) -
< 2(r - 3) ( 2m ) 87—1 w‘z(fa k ) (16)
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From (13) and (16) follows

1 ( - )r—l (k8 + 1)

Moo fr2) < max o8, s (0 -k (17)

Now, let us set in (17)
8 = 2mvte! 2 In(avw,(f; v1)), k=,

r=2n(wey(f; v+ 2, m = v/4In(aawy(f; v));

where [ ] denotes the integral part. (We suppose that awvw,(f; v = e,
which further on we shall consider everywhere fulfilled. If avw,(f; v-1) <e,
then we can substitute 1 for In(avw,(f; v~1)) everywhere).

Then from (17) it follows that

WS, fi ) < ¢ In(awa(f; v ) av (19)

where ¢ is an absolute constant,
From (19) and Lemma 2 follows Theorem 1.

(18)

THEOREM 1. If f(x) is a continuous and bounded function on the real axis,
then

A S o) < CM&%’L"L +p ( £ 4c In(ovay(f; v1)) )’ (20)

8.4 14

where ¢ is an absolute constant and

sin m(x — t)

50 = [ 10 (S o mr

are defined by (10) and (18), and avw,(f; v) = e.
Now we shall obtain the desired estimate of E,(f; «). Let v be fixed. By
Lemma 3 there exists a continuous function g;(x) such, that

r(f, 850 < 48/a,  pu(gs;6) =0,

21
w(gs; 0) < 10w(f;0) for 6 < 23.

From (20) and (21) we obtain for 8 = 4cv— In(20avw(f; 1))

E(f, ) <r(f,85;0) + E(gs ;%)
< 16¢ In(20ave( f; v-Y)) N In(cwwsyl g5 ; vY)

oy (5424

tu (g5 : 4c In(ave,( gs ; V_]‘))) —0 ( ln(avw({; v1)) ) 22)

v (0.4
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We have used in the above inequalities

b (g 208 VD) ) g8y =0

14

since

w(gs 3 v < 20(gs ;v < 200(f; v

and also
—~1 < 8cv‘1 ln(20avw(f, V_I)) = 28‘

(We can take ¢ > 1 and as above the expressions under the logarithms
>e, otherwise we substitute 1 for the logarithms.)

From (22) we obtain the wanted generalization of the estimate of Jackson’s
type for the best uniform approximation of a continuous bounded function on
the real axis with entire functions of exponential type » (see for instance {5]).

THEOREM 2. Let f(x) be a continuous bounded function on the real axis.
Then

E(f; o) < max {SIrelv) @3)

ay > ay
where ¢ is an absolute constant.

Setting o = e/vw(f; v~1) in (23) and using (1) we obtain as a corollary of
(23) the estimate of uniform approximations with entire functions of expo-
nential type:

E(f) = Ola(f; v)).

3. Now let f(x) be a 2#-periodic function. An estimate of the type (5)
for its best approximations relative to the Hausdorff distance with parameter
« by trigonometrical polynomials of the n-th degree is obtained in an entirely
similar way to the corresponding estimate of Section 2. Therefore, we shall
confine ourselves to some short notes.

One has to consider the trigonometrical polynomials of n-th degree

sin mt ) ¢
msin ¢

S0y = pa [ 00— ) (s

where

7 ¢ sin mt
- == < —
p,,,f (msmt)dt 1, mr < n, r = 2s, s> 1,

and m, s are integers.
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Then by a suitable choice of the numbers m and r (the same as in (18), but
m integer) we obtain

v p—1 o =1
(ot ) < c ln(anﬁ;(f, n1)) . (f; 4c ln(am;)g(f, n ))) (24)
where ¢ is an absolute constant.
From (24) and Lemma 3 for 27-periodic functions, we obtain the following.

THEOREM 3. Let f(x) be a 2w-periodic continuous function. Then

E,T(f; ) < max fe MOeAS ) C ©5)

on

where c is an absolute constant.

Setting « = e/nw(f; n2) in (25) and using (2) we obtain as a corollary the
classic theorem of Jackson:

E,T(f) = Ow(f; n7h).
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